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On the basis of conclusions from the asymptotic theory of the boun- 
dary layer we have derived a theoretical relationship between the 
magnitude of the critical injection parameter and the positive longi- 
tudinal pressure gradient, as well as velocity profiles at the point of 
displacement for these conditions. Results of experimental work are 
in satisfactory agreement with theoretical data. 

The possibility of the onset of critical injection for 
a turbulent boundary layer on a permeable plate is 
demonstrated theoretically in [1,2] and confirmed ex- 
perimentally in [3,4]. Here an attempt is made to 

analyze the magnitude of the critical injection para- 

meter ber as a function of the longitudinal positive 
pressure gradient for a turbulent boundary layer. 

As is well known, 

2 2 
b = ~w - - ,  Cf0 = 

Cfo (2.5 In l~e** + 3.8) 2, 

l-w-- pwWw , R e * * = - W ~  (1) 
Po W0 ~o 

It follows f r o m  [1] that  on in jec t ion  of a homo-  
geneous  gas, for  an i s o t h e r m a l  tu rbu len t  boundary  
layer ,  when Re** ~ oo and dp/dx -> 0, the following 
relationship is valid: 
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where 
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Equation (2) with consideration of (3) for the con- 

ditions of critical injection (r = 0) can be written ap- 
proximately in the form 

1 
r d~ 

.) V (~o ~ +- bcr o~) f (~) 
(5) 

F i r s t  le t  us examine  the case  in which f (~ )  = 1 and 
= w 2. The poss ib i l i t y  of a s s u m i n g  f (~ )  = 1 is con-  

s ide red  in [1,2]. 
With r e g a r d  to the second a s s u m p t i o n  we can make 

the fol lowing comment .  If the re  is  no t r a n s v e r s e  flow 
of m a t t e r  (b = 0), Eq. (5) c o r r e s p o n d s  to the condi-  
t ions  of b o u n d a r y - l a y e r  s epa ra t ion  due to a pos i t ive  
p r e s s u r e  grad ien t .  The ve loc i ty  prof i le  at the point 
of sepa ra t ion ,  as is  wel l  known, is app rox ima te ly  

given by the equat ion w = ~0.5. This  r e l a t ionsh ip  may 
be der ived  f rom the equat ion of mot ion nea r  the wall  
in the absence  of a l a t e r a l  flow of m a t t e r  and if mole -  
cu la r  v i scos i ty  fo rces  a re  neglected.  
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Fig. I. Velocity distribution in 
turbulent core of boundary layer 

in the first approximation of Re ** = 
= 4000 (Eq. (12)). Curves i, 2, 

3, 4, 5, 6, 7, and 8havebeen 
found for values of )t o = 0, 5, i0, 
15, 20, 25, 30, and 35, respec- 

tively. 

As )t0 ~ 0 the value of ber ,  defined in (5), tends  
toward 4 which agrees  with [1]. Thus the a s sumpt ion  

= co 2 is comple te ly  acceptable  for the l imi t  condi-  
t ions.  

In view of the above, (5) transforms to 

! 

S d o  1, 
V ;Lo Oz +bcrcO 

o 

which after integration yields 

]/-~1 In [ 2]/~~176176 ] ~ 1. ( 6 )  

bcr 

Solving (6) for ber, we obtain 

bcr = [exp (I/~) -- 11 ~ 

For sufficiently large )t o formula (7) can be simpli- 
fied to 

4 ~o 
bcr 

exp V~o " 
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F o r m u l a  (7) s a t i s f i e s  the l imi t  condi t ions:  as  
X 0 - -  0, b c r  - -  4 and as  ;t o - -  0% bc r - -  0. To c l a r i f y  

~cr 
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Fig .  2. Dependence  of c r i t i c a l  in jec t ion  p a r a m -  
e t e r  on longi tud ina l  pos i t i ve  p r e s s u r e  g r a d i e n t  
fo r  c o o r d i n a t e s  bc r ,  ) t0(curves  1, 2, and 3 c o r -  
r e spond  to Eq. (13) for  Re** =- 4000, 10 ~, 108, 
r e s p e c t i v e l y ;  a shows e x p e r i m e n t a l  p o i n t s ) ,  
and for  the  c o o r d i n a t e s  b c r / b c r 0  ; X0cr (curve  
4 a c c o r d i n g  to Eq. (14) ; b a r e  po in ts  d e r i v e d  
by r e c a l c u l a t i o n  f r o m  c u r v e s  1, 2, and 3 ) .  

the l a t t e r  c i r c u m s t a n c e  i t  i s  a p p r o p r i a t e  tha t  we r e -  
ca l l  tha t  a c c o r d i n g  to  [1], on an i m p e r m e a b l e  p la te  
(b = 0), b o u n d a r y - l a y e r  s e p a r a t i o n  o c c u r s  if 

2 
~ocr = 0.062 - -  (8) 

cfo 

With  (7) we find the e x p r e s s i o n  f o r  the v e l o c i t y  p r o -  
f i le  at the  d i s p l a c e m e n t  poin t  for  b c r  ~ 0, X0 ~ 0, 
us ing  the  fundamen ta l  p r e m i s e s  in ana logy  with [2] fo r  
th is :  

o r  

(9) 

E x p r e s s i o n  (3) c o r r e s p o n d s  to 

=-  = 1 +  
% 1 + 2~ 

w h e r e  

6 2 f; bl = - p w W w  2 
6** Cf P0 W0 Cf 

(lo) 

Having subs t i t u t ed  (10) into (9) we obta in  

where 

B hc r Cfo )~o Cf,, . . . . . . . .  ; A . . . . .  
2.0.16 2 -0.16 

With c o n s i d e r a t i o n  of (7), Eq. (11) was solved on 
a c o m p u t e r  for  Re** = 4000, 106, 108. The d e r i v e d  
f a m i l i e s  of ve loc i ty  p r o f i l e s  a r e  a pp rox ima ted  by the 
power  funct ion (Fig .  1) 

o~ = ~q, (12) 

where  

q -- 0.04 ;% + 1. 0.05 ;% + 1 , q =  
4 10 

0.058 ~.o + l q 
20 

where  Re** = 4000, 10 ~, 108, r e s p e c t i v e l y .  
Having subs t i tu ted  (12) into (5), fo r  f ( ~ )  = [1/(1 + 

+ 2[)] ~ 1, we obta in  an e x p r e s s i o n  fo r  the second 
a p p r o x i m a t i o n  of the  funct ion b c r  = f ( k )  

1 

(~oO//q + b o r  oD - - - -  
20)l/q'-ac 1 

= 1 .  (13) 

The  r e s u l t s  of the  so lu t ion  of (13) on a c o m p u t e r  for  
Re** = 4.103,  106, 108 a r e  given in Fig .  2. 

Al l  of t h e s e  so lu t ions  may  be  a p p r o x i m a t e d  r a t h e r  
s a t i s f a c t o r i l y  by  the f o r m u l a  

bet - - ( 1 - -  %~~176 ') lss,  (14) 
her0 , ~'0cr 

w h e r e  b e r  o is  the  va lue  of the c r i t i c a l  in jec t ion  pa -  
r a m e t e r  fo r  X 0 = 0; X 0 c r  = 0.062 2/Cf0 i s  the  p a r a m -  
e t e r  c h a r a c t e r i z i n g  the  s e p a r a t i o n  of the  bounda ry  
l a y e r  a s  a r e s u l t  of a longi tud ina l  p o s i t i v e  p r e s s u r e  
g r a d i e n t  [1]. 

S t r i c t l y  speaking ,  the ca l cu l a t i on  of the funct ions  
b c r  =f (X)  f r o m  (13) is  p o s s i b l e  only fo r  those  va lues  
of k 0 which y i e l d  q = 0.5 in (12), s ince  q > 0.5 s e e m s  
to c o r r e s p o n d  to the s e p a r a t i o n  zone. However ,  the 
so lu t ion  fo r  (12) and (13) without  the l im i t i ng  condi -  
t ion  q_< 0.5 for  the c a s e s  b c r  = 0 y i e l d s  va lues  of )t o 
v i r t u a l l y  s a t i s fy ing  (8). 

A second  a p p r o x i m a t i o n  for  the  v e l o c i t y  p r o f i l e s  
in the  b o u n d a r y  l a y e r  at  the point  of d i s p l a c e m e n t  
was  c a r r i e d  out with c o n s i d e r a t i o n  of (14). F o r  t h e s e  
p u r p o s e s  we use  the equat ion  

( d c o  _ , (15) B~o A 

Since we a r e  dea l i ng  with the  c a s e  of a d i s p l a c e d  
bounda ry  l a y e r ,  Cf /2  - -  0, and we f ina l ly  have 

which  was  d e r i v e d  in analogy with (11), but  in the 
a s s u m p t i o n  tha t  

1 
f (~ )  - ~ 1. 

1 + 2 ~  

dw 12 BoJ A ( ~ =  1, co = 1), 
7 / - I -  =-/ (11 )  It i s  i n t e r e s t i n g  to note tha t  (15) when B = 0, A 

0 ( absence  of in jec t ion)  y i e ld  the e a r l i e r  d e r i v e d  
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r e l a t i o n s h i p  w = ~a(.~) at the point of b o u n d a r y - l a y e r  
s e p a r a t i o n  [1]: 

ln(2 1/6-t- 5) 

Fo r  the condi t ions  A = 0, B ~ 0 f o r m u l a  (15) 
y i e l d s  a ve loc i t y  p ro f i l e  at the d i s p l a c e m e n t  point  in 
the absence  of a longi tud ina l  p r e s s u r e  g r a d i e n t  

tO 
2 l/ ~ -  In V l + 2 ~ + l  

. / ~ I \  ] '. 
- m ~ |  -}-I  (16)  

V 6 + I /  J 

Formula (16) differs from the function co = ~o(~) 
derived earlier at the displacement point [2]: 

( y ?  ~o = 1 + 2.5 In ~ 4 {17)  

This  is  exp la ined  by  the fac t  tha t  in the d e r i v a t i o n  of 
(15), and consequen t ly ,  in the  d e r i v a t i o n  of (16), the 
funct ion f ( g )  was  a s s u m e d  as  not equal  to unity.  As 
is  d e m o n s t r a t e d  in [2] f ( g )  - -  1, if Re** ~ ~.  T h e r e -  
f o r e  i t  is  n a t u r a l  to a s s u m e  in (17) a va lue  of b c r  = 4 
(as  the  l i m i t  va lue  of b c r  as  Re** ~ ~). 
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Fig .  3. Ve loc i ty  d i s t r i b u t i o n  in t u rbu l en t  
c o r e  of b o u n d a r y  l a y e r  at  d i s p l a c e m e n t  
point .  The c u r v e s  r e p r e s e n t  the  second  
a p p r o x i m a t i o n  of Eqs .  (14) and (15): 
1) k 0 = 0, R e * * = 1 3 0 0 ; 2 ) 4  and 2000;3)9  
and 3000; 4) 20 and 4000; 5) 25 and3500;  
the e x p e r i m e n t a l  points :  a) 2, 0 = 0, Re** = 
= 860; b) 0 and 1400; c) 4 and 2000; d) 9 
and 3000; e} 11 and 2000; f) 20 and 4000; 

g) 24 and 4300; h) 26 and 3520. 

/t can be a s s u m e d  that  f(.~) = [1/(1 + 2g )] to some  
ex ten t  g ives  c o n s i d e r a t i o n  to the e f fec t  of Re** on 
the v e l o c i t y  p ro f i l e .  We a s s u m e  in th i s  c a s e  that  the 

va lues  of b e r  in (16) mus t  be funct ions of Re**. In- 
deed,  if the va lues  of b e r  a r e  found with c o n s i d e r a t i o n  
of the f i n i t enes s  of Re** [2] or  e x p e r i m e n t a l l y  [3] o r  

8 5 /~//////ii~,'ii/I//I/i~I////Jl/////// 

L;J--o 

Fig .  4. D i a g r a m  of t e s t  sec t ion:  1) po rous  p la te ;  
2) s e a l i ng  (epoxy r e s i n ) ;  3) c l amp  f r a m e ;  4) 
supply of in jec ted  l iquid;  5) i n se r t ;  6) Pi tot  tube; 

7) v iewing window; 8) bulk  flow. 

subs t i tu ted  into (16), tile l a t t e r  wil l  be in s a t i s f a c t o r y  
a g r e e m e n t  with the e x p e r i m e n t a l  ve loc i ty  p ro f i l e  at  
the d i s p l a c e m e n t  point  (Fig .  3, cu rve  1). It i s  i n t e r -  
e s t i ng  to note that  the ve loc i ty  p r o f i l e s  obta ined f rom 
(15), but with c o n s i d e r a t i o n  of (7), v i r t u a l l y  do not 
d i f f e r  f r o m  the jo in t  so lu t ion  of (14) and (15). 

To v e r i f y  the  d e r i v e d  r e s u l t s  we c a r r i e d  out an 
e x p e r i m e n t  to d e t e r m i n e  the ve loc i t y  p r o f i l e s  in the 
bounda ry  l a y e r  at the poin t  of d i s p l a c e m e n t ,  as  wel l  
as  the  magn i tudes  of the c r i t i c a l  in jec t ion  p a r a m e t e r .  
The e x p e r i m e n t s  we re  c a r r i e d  out on the h y d r a u l i c  
i n s t a l l a t i o n  d e s c r i b e d  in de ta i l  in [3]~ The method of 
d e t e r m i n i n g  b c r  is  b a s e d  on the c h e m i c a l  i n t e r a c t i o n  
of the  ma in  flow (a so lu t ion  of h y d r o c h l o r i c  acid)  with 
the in jec ted  l iquid (a weak  a lka l ine  so lu t ion  s ta ined  
with phenolphthale in) .  At the beginning  of the c r i t i c a l  
in jec t ion  a c l e a r l y  v i s i b l e  thin f i lm  of in jec ted  l iquid 
a p p e a r s  at  the su r f a c e  of the po rous  p la te .  

The t e s t  s ec t ion  is shown s c h e m a t i c a l l y  in Fig.  4. 
The m a x i m u m  d i m e n s i o n s  of i t s  f lowthrough sec t ion  
a r e  30 x 40, the length  of the porous  p la te  is  200 mm, 
and the length  of the p r e c o n n e c t e d  sec t ion  is  60 ram. 
To obta in  the  longi tud ina l  p r e s s u r e  g r a d i e n t  we 
p laced  i n s e r t s  in the sec t ion ,  t h e s e h a v i n g b e e n  s ea l ed  
aga ins t  p o s s i b l e  s ide  l e a k a g e s .  The s t a t i c  p r e s s u r e  
in the flow along the length  of the channel  was m e a -  
s u r e d  th rough  s a m p l e s  in the s ide  wal l  and by m e a n s  
of a spe c i a l  s e n s o r  which could be moved a long the 
channel .  Th is  s e n s o r  was made  of a 3 m m  d i a m e t e r  
tube s i tua ted  p a r a l l e l  to the channel  ax is .  The cy l in -  
d r i c a l  s u r f a c e  of the  tube had an o r i f i c e  for  s a m p l i n g  
of static pressure. The length of the sensor was cho- 

sen so that the ends of the tube extended beyond the 

limits of the working section as the sensor was moved 

longitudinally. The distribution of static pressure 

along the length  of the channel  was l i n e a r ,  thus m a k -  
ing it p o s s i b l e  exac t ly  to d e t e r m i n e  the value  of d P / d x .  

The quant i ty  Re**, needed to d e t e r m i n e  b e t  f r om 
(1), was found f r o m  e x p e r i m e n t  and r e a c h e d  4000. 

F o r  the magni tude  of the longi tud ina l  p r e s s u r e  
g r a d i e n t  to e x e r t  no inf luence  on the un i fo rmi ty  of 
i n j ec t ion  a long the length  of the work ing  sec t ion ,  the 
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porous plate was se lec ted  so as to exhibit  grea t  hy- 
d rau l ic  r e s i s t a n c e  (in our  exper imen t s  z~P > 1 atm). 
The plate was made of porous po lymethy lmethac ry la te  
L-3, produced by s in te r ing .  The plate was covered on 
top with two layers  of white po lycapro lac tam [caprone] 
fabr ic  to impa r t  the p rope r t i e s  of opacity to the spec i -  
men. The d imens ions  of the active porous  sur face  
were  200 x 6 mm. 

The m e a s u r e m e n t s  of the veloci ty  prof i les  at th ree  
sec t ions  along the width of the porous plate (axis, 
• mm) showed the p r e sence  of a flow core.  

The expe r imen ta l  va lues  of bc r  a re  compared  in 
Fig. 2 with the theore t i ca l  data for Re** = 4000 
(curve 1). The expe r imen ta l  va lues  of Re** a re  gi-  
ven in the key to Fig. 3 for co r re spond ing  va lues  of 
X 0. As we can see f rom the graph, the expe r imen ta l  
va lues  of bc r  not only conf i rm the r e l a t ive  fo rmula  
(14), but are  a lso in sa t i s f ac to ry  a g r e e m e n t  with the 
absolute  va lues  of be r  found f rom (13). 

The veloci ty  prof i les  ca lcula ted  f rom (14) and (15) 
and m e a s u r e d  expe r imen ta l l y  a re  shown in Fig. 3 for 
the d i sp l acemen t  points .  These  data a re  also in s a t i s -  
fac tory  ag reemen t .  

NOTATION 

Here Pw, Ww, P0, and W0 are the density and ve- 
locity at the wall and external boundary layer, respec- 

t ively;  5** is the momen tum th ickness ;  ~0 is the kine-  
mat ic  v iscos i ty ;  w is the re la t ive  velocity;  [ is the 
d i m e n s i o n l e s s  coordinate;  d, is the re la t ive  fr ic t ion 
factor;  u and u are  the re la t ive  shear  s t r e s s e s  under  
condit ions of in te res t  and with no d i s tu rb ing  factors  ; 
l is the mix ing  length; ~ is the tu rbu lence  constant ;  
Cf is the f r ic t ion  factor;  bcr  is the c r i t i ca l  injection 
p a r a m e t e r ;  ~, k0, and f a r e  the p a r a m e t e r s  cha r ac -  
t e r i z ing  the longi tudinal  p r e s s u r e  g rad ien t .  
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